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Lecture 3:

Lists and sequences

Lecture Overview

• Data abstraction

• Lists

• Trees

• Hierarchical structures

Review: Pair abstraction

• Constructor
(cons <x> <y>) → <Pair>

• Accessors
(car <Pair>) → <x>

(cdr <Pair>) → <y>

• Predicate
(pair? <z>) 

→ #t if <z> evaluates to a pair, else #f

Box-and-pointer notation

• Standard way of visualizing a pair
– Each object is shown as a pointer to a box

(cons 1 2)

(cons (cons 1 2)
(cons 3 4))

• Closure property of cons

1 2

1 2

3 4

Representing sequences

• One of the useful structures we can build with pairs 
is sequences – an ordered collection of data objects

• Straightforward representation:

(cons 1
(cons 2

(cons 3
(cons 4 ())

)))

1 2 3 4

(list 1 2 3 4)

Lists

• A list is a data object that can hold an arbitrary 
number of ordered items.

• More formally, a list is a sequence of pairs with the 
following properties:
– Car-part of a pair in the sequence – holds an item
– Cdr-part of a pair in the sequence – holds a pointer to the 

rest of the list
– Empty-list () – signals no more pairs, or end of list

• Note that lists are closed under operations of cons
and cdr.*

*a set of elements is said to be closed under an operation if 
applying the operation to elements in the set produces an 
element that is again an element of the set
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Lists cont.

(cons <el1> <el2>)

(list <el1> <el2> … <eln>)

Predicate:
(null? <z>)
→ #t if <z> evaluates to empty list

<el1>

<el2>

<el1> <el2> <eln>

…

Operations on lists

• Retrieving elements from my-list
(car my-list) → 6
(cdr my-list) → (5 7 2)
(car (cdr my-list)) → 5
(cdr (cdr (cdr (cdr my-list)))) → ()

• Possible to abstract to general procedure?
(nth my-list 0) → 6
(nth my-list 2) → 7

6 5 7 2

(define my-list (list 6 5 7 2))

Operations on lists cont.

(define (nth lst n)
(if (= n 0)        ;base case

(car lst)
(nth (cdr lst) ;recursive case

(- n 1))))

How to compute the length of a list?

(define (length lst)
(if (null? lst) ;base case

0
(+ 1        ;recursive case

(length (cdr lst)))))

Cons’ing up lists

Representing intervals with lists

(define (enumerate-interval from to)
(if (> from to)

()
(cons from

(enumerate-interval
(+ 1 from)
to))))

Trace:

(enumerate-interval 2 4)
(if (> 2 4) () (cons 2 (enumerate-interval (+ 1 2) 4)))
(if #f () (cons 2 (enumerate-interval 3 4)))
(cons 2 (enumerate-interval 3 4))
(cons 2 (cons 3 (enumerate-interval 4 4)))
(cons 2 (cons 3 (cons 4 (enumerate-interval 5 4))))
(cons 2 (cons 3 (cons 4 ())))

→ (2 3 4)

Mapping over lists

• Square each element in a list

(define (square-list lst)

(if (null? lst)
()
(cons (square (car lst))

(square-list (cdr lst)))))

• Scale each element by a factor

(define (scale-list lst factor)
(if (null? lst)

()
(cons (* (car lst) factor)

(scale-list (cdr lst) factor))))

Mapping over lists cont.

More generally:
(define (map proc lst)

(if (null? lst)
()
(cons (proc (car lst))

(map proc (cdr lst)))))

(define (square-list lst)
(map square lst))

(define (scale-list lst factor)
(map (lambda (x) (* x factor)) lst))
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Filtering lists

• Keep all odd integers in a list
(define (keep-odds lst)

(cond ((null? lst) ())
((odd? (car lst))
(cons (car lst)

(keep-odds (cdr lst))))
(else (keep-odds (cdr lst)))))

• Keep all integers greater than 10
(define (keep-ten-greaters lst)

(cond ((null? lst) ())
((> (car lst) 10)
(cons (car lst)

(keep-ten-greaters (cdr lst))))
(else 
(keep-ten-greaters (cdr lst)))))

Filtering lists cont.

• More generally:
(define (filter pred lst)

(cond ((null? lst) ())
((pred (car lst))
(cons (car lst) (filter pred (cdr lst))))
(else (filter pred (cdr lst)))))

(define (keep-odds lst)
(filter odd? lst))

(define (keep-ten-greaters)
(filter (lambda (x) (> x 10)) lst))

Accumulating results

(define (add-up lst)
(if (null? lst)

0
(+ (car lst)

(add-up (cdr lst)))))

(define (mult-all lst)
(if (null? lst)

1
(* (car lst)

(mult-all (cdr lst)))))

(define (accumulate op init lst)
(if (null? lst)

init
(op (car lst)

(accumulate op init 
(cdr lst)))))

(define (add-up lst)
(accumulate + 0 lst))

Trees

2

6 8

4

root
children or 
subtrees

2 4

6 8

(cons 2
(cons (cons 6

(cons 8 ()))
(cons 4 ())))

(2 (6 8) 4)

Tree procedures

• A tree is a list → we can use list procedures on them

(define my-tree 
(list 2 (list 6 8) 4))

(length my-tree) → 3

(countleaves my-tree) → 4

2 4

6 8

Countleaves procedure

• Strategy
– base case: count of the empty tree is 0
– base case: count of a leaf is 1
– recursive strategy: the count of a tree is the sum of the 

countleaves of each child in the tree

• Implementation:

(define (countleaves tree)
(cond ((null? tree) 0)   ;base case

((leaf? tree) 1)    ;base case
(else ;recursive case
(+ (countleaves (car tree))

(countleaves (cdr tree))))))

(define (leaf? x)
(not (pair? x)))
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Countleaves example

(define (countleaves tree)
(cond ((null? tree) 0) ;base case

((leaf? tree) 1) ;base case
(else ;recursive case
(+ (countleaves (car tree))

(countleaves (cdr tree))))))

(define (leaf? x)
(not (pair? x)))

Example #1 with substitution model

(countleaves (list 5 7))
(countleaves )

(countleaves (5 7) )
(+ (countleaves 5) (countleaves (7) ))
(+ 1 (+ (countleaves 7) (countleaves ())))
(+ 1 (+ 1 0))
→ 2

75

Countleaves – bigger example

(define my-tree (list 4 (list 5 7) 2))

(countleaves my-tree)
(countleaves (4 (5 7) 2) )
(+ (countleaves 4) (countleaves ((5 7) 2) ))
…

→ 4

4 2

5 7

my-tree

(cl (4 (5 7) 2))
+

(cl 4) (cl ((5 7) 2) )
+

(cl (5 7)) (cl (2))
+

(cl 2) (cl ())

+
(cl 5) (cl (7))

+
(cl 7) (cl ())

1

1

1 0

1 0

XXXX
XX

XX
XXXX

XX
XXXX

XX
XXXX

XX
7

XXXXXXXXXX
XXXXXXXXXX
XXXXXXXXXX
XXXXXXXXXX
XXXXXXXXXX
XXXXXXXXXX
XXXXXXXXXX
XXXXXXXXXX
XXXXXXXXXX
XXXXX2

Finding all the primes

XXXXXX
XXXXXXXX

XXXXXX
XXXXXX

XXXXXXXX
XXXXXX

XXXXXX
XXXXXXXX

XXXXXX
XX 3

100999897969594939291
90898887868584838281
80797877767574737271
60696867666564636261
60595857565554535251
50494847464544434241
40393837363534333231
30292827262524232221
20191817161514131211
1098765432

XXXX
XXXX
XXXX
XXXX
XXXX
XXXX
XXXX
XXXX
XXXX
XX

… And here is how to do it!

(define (sieve lst)
(if (null? lst)

()
(cons (car lst)

(sieve 
(filter (lambda (x)

(not (divisible? x (car lst))))
(cdr lst))))))

(sieve (enumerate-interval 2 420))
(2 3 5 7 11 13 17 19 23 29 31 37 41 43 47 53 59 61 67 71 
73 79 83 89 97 101 103 107 109 113 127 131 149 151 157 
163 167 173 179 181 191 193 197 199 211 223 227 229 233 
239 241 251 257 263 269 271 277 281 293 307 311 313 317 
331 337 347 349 353 359 367 373 379 383 389 397 401 409 
419)

Sum-odd-squares

Sum the squares of all odd elements in a tree

(define (sum-odd-squares tree)
(accumulate +

0
(map square

(filter odd?
(enumerate-tree tree)))))

enumerate:
tree leaves

filter:
odd?

map:
square

accumulate:
+, 0

Calculate GC content

• Calculate the GC content of a DNA segment
– GC content: the proportion of GC base pairs

– AT content = 1 – GC content

• Why?
– Correlation (weak) between GC-content and gene rich 

regions

– Classification of organisms in taxonomies

• Representational issues
– One strand is enough

– List representation

(‘A ‘C ‘G ‘C ‘A ‘T ‘G ‘C ... ‘A)
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Some calc-GC-cont variants 

(define (calc-GC-cont1 segm)
(let (frac (/ 1 (length segm)))

(accumulate + 0
(map 
(lambda (x) frac)
(filter GC? segm)))))

(define (calc-GC-cont2 segm)
(/ (length (filter GC? segm)) (length segm)))

(define (calc-GC-cont3 segm)
(define (calc-GC count gccount segm)
(if (null? segm)

(/ gccount count)
(calc-GC (+ 1 count)

(if (GC? (car segm))(+ 1 gccount) gccount)
(cdr segm))))

(calc-GC 0 0 segm))

Which would you choose with respect to time complexity?
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