Exhaustive search

Torgeir R. Hvidsten

This lecture
» Restriction enzymes and the partial digest

problem
» Finding regulatory motifs in DNA Sequences

» Exhaustive search methods

Restriction enzymes and the
partial digest problem

Restriction enzymes

» HindIl - first restriction enzyme —

was discovered accidentally in

1970 while studying how the

bactetium Haemophilus influenzae

takes up DNA from the virus

» Restriction enzymes are used as a
defense mechanism by bacteria to
break down the DNA of

attacking viruses

Uses of restriction enzymes

» Recombinant DNA technology (.c. combining DNA
sequences that would not normally occur together)

» Cloning
» cDNA/genomic library construction
» DNA mapping

Restriction maps

» A map showing the positions
of restriction sites in a DNA
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restriction map is trivial

» In early days of molecular DLE:X: ?9
biology, DNA sequences
were often unknown S
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problem of constructing
restriction maps without
knowing DNA sequences




Measuring length of restriction fragments

Restriction Sites
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» Restriction enzymes break DNA into restriction
fragments

» Gel electrophoresis is a process for separating DNA by
size and measuring sizes of restriction fragments

» Can separate DNA fragments that differ in length in
only 1 nucleotide for fragments up to 500 nucleotides
long
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Partial restriction digest

» The sample of DNA is exposed to the restriction enzyme for
only a limited amount of time to prevent it from being cut at
all restriction sites

» This experiment generates the set of all possible restriction
fragments between every two (not necessarily consecutive)

cuts Restriction Siies
> This st of f A ud M
1S set o ta ent
. . grn ! v.;.- ]
sizes is used to — ]
determine the == i .
positions of the o E 3 ’
restriction sites in : i
4 ]l
the DNA sequence ' !
q B
—
=

Multiset of restriction fragments

» We assume that multiplicity of a fragment can be detected, i.e.,
the number of restriction fragments of the same length can be
determined

» Restriction sites: X = {0, 5, 14, 19, 22}
> Multiset: AX = {3, 5, 5, 8, 9, 14, 14, 17, 19, 22}
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Partial Digest Problem (PDP)

X the set of 7 integers representing the location of all
cuts in the restriction map, including the start and
endie X = {x; =0, ..., x,}.

n  the total number of cuts

AX the multiset of integers representing lengths of
each of the n(n-1)/ 2 fragments produced from a
partial digestie. AX = {x;—x; | 1 <7 <j<n}

Problem: Given the multiset I, find a set X such that AX = 1.

Partial Digest: Multiple Solutions (1)

It is not always possible to uniquely reconstruct a set X based only
on AX.

For example, the set
X={0,275}
and
(X +10)={10,12, 15}
both produce AX={2, 3, 5} as their partial digest set (they are
homometric).

The sets {0,7,2,5,7,9,12} and {0,1,5,7,8,10,12} present a less trivial
example of non-uniqueness. They both digest into:
(1,1,2,22,3,3,44,555,6,7,7,7,8 9 10,11, 12}.

Partial Digest: Multiple Solutions (Il)

012|579 |12 0|1 (5|7 |8 (10|12
0 1125 9 |12 0 1|5 8 |10 |12
1 1/4(6|8 |11 1 416 9 |11
2 5 10 5 2 5
5 2|4 7 1 5
7 2|5 8 2|4
9 10 2
12 12




BruteForcePDP

BruteForcePDP(L, 7)

1
2
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M «— Maximum element in L.

for every set of 7 — 2 integers 0 < x, < ... x,;, <M
such that x;e L for 7 <7/ <un

X {0,x5...,%, ,M }
Form AX from X
ifAX =1L

return X

output “No solution”

Efficiency of BruteForcePDP

» The running time of BruteForcePDP is O(|L|"?)
ot, since |L| = n(n-1)/2, O(n*"*)

» Note that without restricting the elements of X to
elements in L, the running time would be OM"?)

»If .= {2,998,1000} (» = 3, M = 1000), the
running time would be very different

» Nonetheless, both algorithms have a exponential
running time

Branch and Bound Algorithm for PDP

Definitions

1. Initiation: Add the start (0) and end (width) point of the Before describing PartialDigest, first define
sequence to X (and remove the end point from L) Ay, X)
2. Find the largest element y in L as the multiset of all distances between point y and all
3. Seeif y fits on the right or left side of the restriction map other points in the set X
by checking?T whether the other lengths (fragments) it AGX) = {=x |5 =25 e 7=, }
creates are in L.
4. Ifit fits, remove these lengths from I and add y (or width for X' = {Xf’ X wees Xn}
— ) to X (if not, backtrack)
5. Go back to step 2 until I is empty
PartialDigest(L)

1 width < Maximum element in L
2 Remove width from L

PartialDigest

3 X« {0, width}
4 Place(L, X)

Place(I,X)
1 if Lis empty

2
3

output X
return

4y« Maximum element in L
5 ifA(),X)cL

6
7
8

Remove lengths A(y, X) from L and add y to X
Place(I, X)
Remove y from X and add lengths A(y, X) to L

9 if A(width—y, X)L

10 Remove lengths A(width — y, X) from L and add width — y to X and
1 Place(L, X)

12 Remove width — y from X and add lengths A(width — y, X') to L.

13 return

An Example

L=1{223345673810}

Inititation:
width = 10, so delete 70 from I and add 0 and 70 to X

L=1223345¢738}
X = {0, 10}
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An Example

L=1223345678)
X =10, 10}

=8
A, X) = {8, 2}, which is a subset of L

1.=1{2,3,3,4,56, 7}
X=1{0,8 10}

An Example

L=12334567}
X=10,8 10}

y=7
Ap, X) = {7, 1, 3}, which is not a subset of L
A(width -y, X) = {3, 5, 7}, which is a subset of L.

L=1{234, 6}
X=1{0,38 10}

T.R. Hvidsten: 1MB304: Discrete structures for bioinformatics Il 19 T.R. Hvidsten: 1MB304: Discrete structures for bioinformatics Il 20
An Example An Example
L={23+4¢6} L={}
X=1{0,3,8 10} X=10,3068 10}
=0 L is empty!
Ap, X) = {6, 3, 2, 4}, which is a subset of L. Output X
L={} And continue searching for more solutions ...
X=1{0,3,68 10}
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An Example An Example
L=1{234¢6} L=1{232345¢67}
X=1{0,3,8 10} X=1{0,8 10}
J=6 y=7
Ap, X) = {7, 1, 3}, which is not a subset of L.
A(width -y, X) = {4, 1, 4, 6}, which is not a subset of L.
Backtrack! Backtrack!
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An Example

L=1223345678)
X =10, 10}

y=8
A(width -y, X) = {2, 8}, which is a subset of L

1.=1{2,3,3,4,56, 7}

An Example

L=12334567}
X=10,2 10}

y=7
Ap, X) = {7, 5, 3}, which is a subset of L

L=1234,6}
X=10,27 10}

X=10,2 10}
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An Example An Example
L={23+4¢6} L={}
X=1{0,27 10} X=10,24,7 10}
=0 L is empty!
Ap, X) = {6, 4, 1, 4}, which is not a subset of L. Output X
A(width — y, X) = {4, 2, 3, 6}, which is a subset of L
And continue searching for more solutions ...
L={}
X=1{0,24,7,10}
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An Example

L={2334567}
X=1{0,2 10}

=7
A(width — y, X) = {3, 1, 7} which is not a subset of L.

Backtrack and finish!
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Recursion tree




Analyzing PartialDigest (I)

» Let T(n) be the time PartialDigest takes to place #

cuts
— No branching case: T(n) = T(n-1) + O(n)
— Branching case: T(n) =21 (n-1) + On)
» The ”No branching case” is quadratic O(#?) (like
SelectionSort)
» 'The ”Branching case” is exponential O(2")

Analyzing PartialDigest (ll)

T(n) = 2T(n-1) + O(n)

(=1

o =1

T(n) + O(n) = 2T(n-1) + O(n) + O(n) = 2(T(n-1) + O(n))
Let U(n) = T(n) + O(n)

U(n) = 2U(n-1)
um=2

This gives the sequence: 2, 4, 8, 16, 32, 64, ...— U(n) = 2"
Tn) =2"—O(n)

Finding regulatory motifs in
DNA sequences

Random sample

Implanting motif AAAAAAAGGGGGGG

Where is the implanted motif?




Implanting motif AAAAAAGGGGGGG
with four random mutations

Where is the motif?

Why finding motif is difficult
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Gene regulation
» A microarray experiment showed that when

gene X is knocked out, 20 other genes are not
expressed

— How can one gene have such drastic effects?

Regulatory proteins

» Gene X encodes a regulatory protein, a.k.a. a
transcription factor (TF)

» The 20 unexpressed genes rely on gene X’s TF to
induce transcription

» A single TF may regulate multiple genes

Regulatory regions

» Every gene contains a regulatory region (RR) typically
stretching 100-1000 bp upstream of the transcriptional
start site

» Located somewhere within the RR are the transcription
factor binding sites (TFBS), also known as motifs,
specific for a given transcription factor

> TFs influence gene expression by binding to a specific
location in the respective gene’s regulatory region -
TEBS - and recruiting the DNA polymerase




Motif logo

, TGGGGGA
> Monfs can mutate on non TGAGAGA
important bases TGGGGCA
» The five motifs in five
different genes have TGAGAGA
mutations in position 3 TGAGGGA
and 5
» Representations called 7ofif . |
logos illustrate the ) |
conserved and vatiable : A |
{ ad
regions of a motif A o =
HYGVAW] |
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The motif finding problem

Given a random sample of DNA sequences:

cctgatagacgctatctggetatccacgtacgtaggtcctetgtgcgaatctatgegtttccaaccat
agtactggtgtacatttgatacgtacgtacaccggcaacctgaaacaaacgctcagaaccagaagtgc
aaacgtacgtgcaccctetttcttcgtggetctggecaacgagggctgatgtataagacgaaaatttt
agcctccgatgtaagtcatagctgtaactattacctgccacccctattacatcttacgtacgtataca

ctgttatacaacgcgtcatggcggggtatgcgttttggtegtegtacgctegatcgttaacgtacgte

Find the pattern that is implanted in each of the
individual sequences, namely, the motif

Parameters
|=8

DNA

§cctgatagacgctatctggctatcc GgtacTtaggtcctctgtgcgaatctatgcgtttccaaccat w

iagtactgg(gtacatttgatco acgt: gc j
t=5 iaa@ggT ctyfcttcgtggetct gatgtat tet

%agc‘ctc\cg taagtr‘Za/ ct tacct ‘ttacatcttacgtCcAtataca 3

% ctgttat: atge uLlnggu,gu,gdegctcgat/jgtta(ﬁcstacg(}c }

v
n =69

s{s,=26 s,=21,5=3, s5,=56,5,=60}

Definitions
t number of sample DNA sequences
7 length of each DNA sequence
DNA sample of DNA sequences (7 x # array)
/ length of the motif (/- mer)
5 starting position of an /-mer in sequence 7

§=(s;, §5...5)  array of motif starting positions

Motifs: Profiles and consensus

aGgtacTt : .
2eftacst > Lincup the patterns by
Alignment acgtTAgt their start indexes
acgtCcAt
Ccgtacg6 _
S = (5, 99, -ees 5)
. A 30103110 3 Construct matrix profile
Profile C 24001400 ith fi . £ h
G 01400031 with frequencies of eac
T 00051014 nucleotide in columns

» Consensus nucleotide in
cach position has the
highest score in column

Consensus ACGTACGT
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Consensus

» Think of consensus as an “ancestotr’” motif, from
which mutated motifs emerged

» The distance between a real motif and the consensus
sequence is generally less than that for two real motifs

» We need to introduce a scoring function to compare
different motifs and choose the “best” one.
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Scoring motifs: consensus score

|
"

The motif finding problem

» Goal: Given a set of DNA sequences, find a set of /-
»Given s = (5, ... ) and DNA: P S mers, one from each sequence, that maximizes the
ac g : g ﬁ 9t consensus score
»Score(s,DNA) = cecogtacg®
| A 30103110 » Input: A 7 x n matrix DNA, and /, the length of the
C 24001400
. pattern to find
Z max Count(k’|) G 01400031
AT L) T 00051014
Consensus acgtacgt » Output: An array of # starting positions
§= (s 55 ... 5) maximizing Score(s,DINA)
Score 3+4+4+5+3+4+3+4=30
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BruteForceMotifSearch Running Time of BruteForceMotifSearch

BruteForceMotifSearch(DNA, ¢, 1, /)

1 bestScore < 0

2 for ecach s=(s,,5,, ..., 5) from (1,7 ...,7) to (n-/+1, ..., n-/+17)
3 if (Score(s,DINA) > bestScore)

4 bestScore < Score(s, DNA)

5 bestMotif < (51,55, .. ., 5)

6 return bestMotif

»  Vatying (n—/+ 1) positions in each of 7sequences, we're
looking at (7 —/+ 1) sets of starting positions

»  For each set of starting positions, the scoring function
makes / operations, so complexity is

=1+ 1= O

» That means that for 7= 8, » = 1000, and /= 10 we must
perform approximately 70?’ computations — it will take
billions of years!

The median string problem

» Given a set of # DNA sequences, find a pattern
that appears in all 7 sequences with the minimum
number of mutations

» This pattern will be the motif

Hamming Distance

> Hamming distance:

— dy(v,w) is the number of nucleotide pairs that
do not match when v and w are aligned. For
example:

d(AAAAAA,ACAAAC) = 2




Total Distance: Example

» Given » = “acgtacgt” and s
0 =1 | egiacat]

cctgatagacgctatctgget:

Ataggtcctctgtgcgaatctatgegtttccaaccat
dy(v, ) =0 —; ¢ -
agt: ttegal

i acgtacgti
: ctttcttcgtggetet gatgtat ttt
Al 30 £ 0%, ) = 0 —{acoacgt,
agcctecgatgtaagtcatagetgtaactattacctgecaccectattacatcttacgtacy
g booo acgtacgt]
v, X) = 1 !
ctgttat: cat atgegttttggt 9% ‘)rnatmm‘nta(}gtb

Vis the sequence in red, X is the sequence in blue

» TotalDistance(r, DNA) = 1+0+2+0+1 = 4

The median string problem

» Goal: Given a set of DNA sequences, find a
median string

» Input: A #x 7 matrix DNA, and /, the length of
the pattern to find

» Output: A string » of /nucleotides that
minimizes TotalDistance(#,[DNA) over all strings
of that length

Median string search algorithm

BruteForceMedianStringSearch (DNA, 7, #, })
bestWord — AAA...A
bestDistance <—
for cach l-mer » from AAA...A to TTT...T
if TotalDistance(v,DINA) < bestDistance
bestDistance <— TotalDistance(v,]DINA)
bestWord «<— v

return bestWord

~N & Ul AN~

Motif finding problem = median string problem

aGgtacTty » Atany column /
. Ccatacgt Score; + TotalDistance, = #
Alignment acgtTAgtyt ! ’
acgtCcAt
Cegtacgt) 5 Because there are /columns
Score + TotalDistance = / X #

A 30103110
Profile C 24001400
6 01400031 5 Rearranging:
T 00051014 .
Score = / X ¢ - TotalDistance
Consensus acgtacgt .
» [ X tis constant, thus the
Score 3+4+4+5+3+4+3+4 minimization of TotalDistance is
TotalDistance 2+1+1+042+14+2+1 e‘qui\'alent to the maximization of
Score
sum 55555565
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Motif finding problem vs.
median string problem

Why bother reformulating the mofif finding problem
into the median string problem?

—The motif finding problem needs to examine
all the combinations for s. Thatis (7 -/ + 1)’
combinations

— The median string problem needs only to
examine all 4/ combinations for 2.

Structuring the search

For the median string problem we need to consider all
4/ possible /~mers:

/ /
aa.. aa 11.. 11
aa.. ac 11.. 12
aa.. ag 11.. 13
aa.. at 11.. 14
tt.. tt 44.. 44

How to organize this search?

10



Search Tree Analyzing Search Trees

» Characteristics of the search trees:

root —The sequences are contained in its leaves

NN/

—The parent of a node is the prefix of its
children

» How can we move through the tree?

Visit the Next Leaf NextLeaf: Example

Let abe an array of digits: 2 = {a,, a,, ...a; } whete a;¢ [1,&], 1 i< L

Given a current leaf a, we need to compute the “next” leaf:

root

NextLeaf(a,L,£)
1 for/i«—Ltol
2 ifﬂl-< £ @ e e @
4

returm a @ BEH 6D @@ CHED) @ @@
5 a; 1 N\
6 return a

Visit all leaves Visit all leaves: Example

Printing all permutations in ascending order:

root

AllLLeaves(L,£)
a<— (1,1,..,7)
while forever

//%\
output 2 = 7 (3 &
a < NextlLeaf(a,l_ k) Jg} @9/% 44 //
ifa=(1,1,.,1) @3 @ @@ (@ GHED D (@) (49

WUV AR AR UV AR DUV VAR AU

AN U~ N

return




Visit the next vertex

We can search though all vertices of the tree with a depzh first search
7is the prefix length

NextVertex(a,,1,£)
1 if/i<L

2 a1

3 return (a,/+7)

4 else

5 forj«— L to7
6 ifag, <k

7 a—a+1

8 return(a,)
9 return(a0)

Visit the next vertex: Example (five moves)

root

@g@

Bypass Move

Given a prefix (internal vertex), find the next
vertex after skipping all its children

Bypass(a,;],£)

1 forj«—ito?
2 ifa, <k

3 a;— a; +17
4 return(a,)

5 return(a,0)

Bypass Move: Example

root

Brute force search again

BruteForceMedianStringSearchAgain(DNA, 4 n, )
1 s (1.1

2 bestDistance <— %

3 while forever

4 s < NextLeaf (s, /, 4)

5 word «<— Nucleotide string corresponding to (5,5, , ..., 5)
6 if (TotalDistance(word, DINA) < bestDistance)

7 bestDistance «— TotalDistance(wordy DINA)

8 bestWord «<— word

9 ifs=(11,...,1)

10 return bestWord

Can We Do Better?

» Let TotalDistance(prefix, DINA) be the distance for a
nucleotide string corresponding to (s;, 55, - ..,5)

» Note that if the total distance for a prefix is greater than
that for the best word so far:

TotalDistance (prefisc, DINA) > BestDistance

there is no use exploring the remaining part of the word
» Use ByPass()!
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Bounded Median String Search

BranchAndBoundMedianStringSearch(DNA,7,1,/)

17

s (1.0
bestDistance +— %
i—1
while / > (0
ifi</
prefix < Nucleotide string corresponding to (5 £ -+, )
optimisticDistance «— TotalDistance(prefix, DINA)
if optimisticDistance > bestDistance
(5,7) <= Bypass(syi 4 4)
else
(s, 1) « NextVertex(s, i /, 4)
else
word « Nucleotide string corresponding to (s, 55, ..., 5)
if TotalDistance(s,DNA) < bestDistance
bestDistance «— TotalDistance (word, DNA)
bestWord « word
(s,) < NextVertex(s,i/, 4)
return bestWord

Running time

» As usual with branch-and-bound algorithms,
there is no improved running time in the worst
case

» Howevet, it often results in a practical speedup
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